Abstract. This is an expose of the theory of p-adic multiple zeta value developped by the author. This theory is almost parallel to the story of the complex case. p-adic multiple polylogarithm, which is a p-adic function, is constructed by Coleman's p-adic iterated integration theory. p-adic multiple zeta value is defined to be its special value at 1. Many nice properties of p-adic multiple zeta value is shown. p-adic KZ equation is also introduced and the p-adic Drinfel'd associator is constructed from two fundamental solutions of the p-adic KZ equation. A relation of p-adic multiple zeta value with the p-adic Drinfel'd associator as well as its relation with the fundamental group of the projective line minus three points is established. 
INTRODUCTION

This paper is a survey of the theory of p-adic multiple zeta values (p: a prime) developped in [F1] and [F2]. The notions of (one-variable) p-adic multiple polylogarithms, p-adic KZ equation and p-adic
Especially in the case when m 1, the multiple zeta value coincides with the Riemann zeta value ζ´kµ. We can check easily that this series converges in the topology of R if and only if k m 1, however, this series never converges in the topology of Q p ! Thus it is not so easy and not so straightforward to give a definition of p-adic version of multiple zeta value. To give a nice definition, we need another interpretation of multiple zeta values.
Suppose z ¾ C. The (one variable) multiple polylogarithm is a function defined by the following series Especially in the case when m 1, the multiple polylogarithm coincides with the classical polylogarithm Li k´z µ. Easily we see that this series converges for z 1. In §2.1, we will define the p-adic multiple polylogarithm to be the function defined by the above series just replacing z ¾ C by z ¾ C p . We remark that especially in the case when m 1, the p-adic multiple polylogarithm is equal to the p-adic polylogarithm k´z µ which was studied by Coleman [C] . What is interesting is that this p-adic multiple polylogarithm converges for z p 1 similarly to the above complex case. Here ¡ p means the standard multiplicative valuation of C p . An important relationship between the multiple polylogarithm and the multiple zeta value is the following formula:
In this paper, we will define the p-adic multiple zeta value à la formula (0.3) instead of à la (0.1). But we note that here happens a serious problem because the open unit disk centered at 0 on C p and the one centered at 1 on C p are disjoint! Thus we cannot consider lim z 1 of p-adic multiple polylogarithms which are functions defined on z p 1, i.e. on the open unit disk centered at 0. To give a meaning of this limit, we will make an analytic continuation of p-adic multiple polylogarithms by Coleman's p-adic iterated integration theory [C] and then define p-adic multiple zeta values to be a limit value at 1 of analytically continued p-adic multiple polylogarithms.
The organization of this paper is as follows. §1 is devoted to a review of known results on complex case. §2 is explanation of our results, including construction of padic multiple zeta values and their many nice properties. Appendix is a short discussion on weights of polylogarithm both in the étale side and in the rigid side.
THE COMPLEX CASE
We shall review definitions of multiple polylogarithms and multiple zeta values in §1.1, shall recall notions of the KZ equation and the Drinfel'd associator briefly in §1.2 and shall see a tannakian interpretation of the Drinfel'd associator in §1.3.
from which we get an expression of the MPL by iterated integral of Since the simply-connected Riemann surface P 1´C µÒ 0 1 ∞ is an infinite covering of P 1´C µÒ 0 1 ∞ , each MPL admits (countably) infinite branches. The following are well-known ( for example, see [G] 
Since MPL's are C-valued functions, MZV's lie in C. However we can say more. 
The KZ equation and the Drinfel'd associator
In this subsection, we will briefly review the definition of the KZ equation and the Drinfel'd associator. For more detailed information on the KZ equation and the Drinfel'd associator, see [Dr] , [F0] and [K] .
Let A C C A B be the non-commutative formal power series ring generated by two elements A and B with complex number coefficients.
where G´uµ is an analytic function in complex variable u with values in A C where 'analytic' means each of whose coefficient is analytic.
The equation (KZ) has singularities only at 0 1 and ∞. Let C ¼ be the complement of the union of the real half-lines´ ∞ 0℄ and 1 ·∞µ in the complex plane. This is a simplyconnected domain. The equation (KZ) has a unique analytic solution on C ¼ having a specified value at any given points on C ¼ . Moreover, for the singular points 0 and 1, there exist unique solutions G 0´u µ and G 1´u µ of (KZ) such that
where means that G 0´u µ ¡ u A (resp. G 1´u µ ¡´1 uµ B ) has an analytic continuation in a neighborhood of 0 (resp. 1) with value 1 at 0 (resp. 1). Here, u A : exp´Aloguµ :
· ¡¡¡ and logu :
In the same way,´1 uµ B is well-defined on C ¼ . Since G 0´u µ and G 1´u µ are both non-zero unique solutions of (KZ) with the specified asymptotic behaviors, they must coincide with each other up to multiplication from the right by an invertible element of A C .
Definition 1.12
The Drinfel'd associator is the element Φ KZ´A Bµ of A C which is defined by
We note that Φ KZ´A Bµ is independent of u.
Proposition 1.13 MZV's appear at each coefficient of the Drinfel'd associator as follows:
For its explicit formulae, see [LM] and [F0] Proposition 3.2.3.
Tannakian interpretation
We explain that MZV is related to the fundamental group of the projective line minus three points.
Let X P 1 Ò 0 1 ∞ and π DR 1´X 01µ denote the de Rham fundamental group of X with the tangential base point 01 at 0. This is a pro-algebraic group defined over Q (cf. [De] ). Their set of Q-valued points is embedded into the non-commutative formal power series ring
where A and B correspond to the loops around 0 and 1 respectively. Let π DR 1´X 01 10µ (resp. π Be 1´X 01 10µ ) be the de Rham (resp. Betti) fundamental torsor of X from 01 to 10. They are pro-algebraic variety defined over Q. 
Review of Coleman's p-adic iterated integration theory
We will review the p-adic iterated integration theory by R. Coleman [C] . This theory will be employed in the analytic continuation of p-adic multiple polylogarithms in §2.1.
Suppose that X Ç C p is a smooth projective and surjective scheme over the ring Ç C p of integers of C p , of relative dimension 1 with its generic fiber X C p and its special fiber X We call this a ¾ C p the branch parameter of the p-adic logarithm.
In [C], Coleman constructed an A † -algebra A a
Col called the ring of Coleman functions attached to a branch parameter a ¾ C p . This is a subalgebra of the algebra of locally analytic functions over Y´C p µ. He also constructed a C p -linear map
Col ªΩ † called the p-adic Coleman integration attached to a branch parameter a ¾ C p . We often drop the subscript´a µ . He showed basic properties of Coleman functions including the uniqueness principle and the functorial property (see [C] ). 
p-adic multiple polylogarithms and p-adic multiple zeta values
We will define p-adic multiple polylogarithms to be Coleman functions which admits an expansion around 0 similar to the complex case. Then we will define p-adic multiple zeta value to be its 'limit' value at 1.
We fix a branch parameter a ¾ C p and employ Coleman's p-adic integration theory attached to this branch parameter a ¾ C p for X P 1 
Proposition 2.5 ([F1]Proposition 2.11) The p-adic MPL Li a
2 For a subset S X´F p µ we denote its tubular neighborhood (see [Ber] ) in X´C p µ by ℄S . As a settheoretically it is the set of points in X´C p µ reducing to S.
Proof By construction, the claim is proved inductively. £
This proposition means that p-adic MPL can be analytically continued to P 1´C p µÒ 1 ∞ , although the complex MPL cannot be analytically continued to P 1´C µÒ 0 1 ∞ but only to its universal unramified covering P 1´C µÒ 0 1 ∞ instead by Lemma 1. 
We note that this definition of p-adic MZV is independent of any choice of branches by Theorem 2.7. As for a p-adic analogue of Lemma 1.6, at present, we have nothing to say except the following. (d) ζ p´3 µ ζ p´1 2µ and ζ p´1 3µ ζ p´2 2µ ζ p´1 1 2µ 0.
Those p-adic MZV's were defined to be elements of C p , but actually we can say more. This is a p-adic analogue of Proposition 1.10. The proof in loc.cit is based on showing the shuffle product formulae for p-adic MZV. On the other hand the validity of the harmonic product formulae for p-adic MZV is non-trivial because we do not have a series expansion of p-adic MZV such as (0.1). However in [BF] it is proved and by using this double shuffle relations for p-adic MZV are deduced. As for the extra relations, the regularization relations for p-adic MZV, the validity is a main theorem of [FJ] .
The p-adic KZ equation and the p-adic Drinfel'd associator
Notions of the p-adic KZ equation, its fundamental solutions and the p-adic Drinfel'd associator will be introduced. They are essential to prove all theorems in the previous subsection.
Let A C p C p A B be the non-commutative formal power series ring with C pcoefficients generated by two elements A and B. 
The following is a low degree part of the p-adic Drinfel'd associator. Since p-adic MZV's appear as coefficients of the p-adic Drinfel'd associator by Theorem 2.18, we may say that the loop d 1 c which is a combination of a de Rham path and a rigid path is a tannakian origin of p-adic MZV's.
In [F2] a tannakian origin of p-adic MPL's is also revealed. There is another notion of p-adic MZV's introduced by P.Deligne. An explicit relationship between our p-adic MZV's and his p-adic MZV's is also established in loc.cit.
